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Abstract

Glioma grading from tumor contours is often treated as a
pixel problem even when the signal of interest is shape.
We align closed contours with a functional shape-alignment
framework, separate global deformation from residual
Fourier shape, and organize these quantities as frequency-
ordered tokens. In five-fold patient-disjoint cross-validation
on BraT$ 2020 tumor contours, with model selection per-
formed using grouped inner validation, a compact multi-
layer perceptron (MLP) achieves the highest mean balanced
accuracy at 71.5%, compared with 65.9% for ResNet-18
and 63.3% for ViT-Tiny. It also gives the highest mean
low-grade glioma FI at 54.9%. Its pooled out-of-fold bal-
anced accuracy is 72.4% (patient-bootstrap 95% CI: 66.4—
77.8%). The selected MLPs use 2.9k—117.3k parameters
across folds, at least 46 times fewer than the pixel baselines.
In a controlled noise-free simulation, shape-based models
reach 56.3-71.5% balanced accuracy while the pixel mod-
els remain at 50.0-52.5%. This work demonstrates how in-
corporating a shape-based inductive bias at the representa-
tion level can improve interpretability and scalability while
enabling substantial dimensionality reduction.

1. Introduction

Object shape is often the signal of interest in scientific imag-
ing. Tumor margins, cell outlines, organ silhouettes, crystal
boundaries, and particle contours are all examples where

labels depend more on geometry than on texture. The de-
fault deep-learning formulation typically rasterizes the ob-
ject and asks pixel-based image models to indirectly learn
morphological features while also learning invariance to
translation, rotation, scale, and starting point. In small la-
belled cohorts, this spends statistical power on variation that
a user may already have prior information about.

Classical shape analysis has traditionally addressed this
issue by first aligning objects and then classifying or com-
paring them in a coordinate system where nuisance trans-
formations have been removed, using tools such as Fourier
descriptors, Procrustes alignment, and square-root veloc-
ity function (SRVF) representations [13, 20, 33, 34, 41].
The machine-learning analogue is a shape-based inductive
bias, in which curve geometry supplies a quotient space, the
space of shapes with translation, rotation, scale, and starting
point factored out, before supervised learning begins, in the
same spirit as geometric and equivariant learning methods
that build symmetry structure into the representation [7, 9].

We study this representation question in glioma grad-
ing from BraTS 2020 tumor masks [2, 25], an applica-
tion in which radiologists and radiomics pipelines have
long treated tumor morphology as clinically meaningful [,
16, 21]. High-grade gliomas (HGGs) often present with
larger and more irregular margins, while low-grade gliomas
(LGGs) tend to be smaller and more compact [31].

The technical basis for our paper is the functional-shape
alignment framework introduced by Moindjié et al. [26]. A
closed contour is treated as a deformation of a latent shape
under translation, scale, rotation, and cyclic reparameteri-
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Figure 1. Tumor contours extracted from BraTS 2020 segmen-
tation masks. High-grade gliomas (left) tend to be larger with
more irregular boundaries; low-grade tumors (right) are typically
smaller and more compact. These examples motivate a contour-
level representation for morphology classification.

zation. In a Fourier basis, the starting-point shift becomes a
sparse orthogonal block transform, making joint phase-and-
rotation alignment a finite-dimensional Procrustes problem.
We retain the estimated deformation variables as model in-
puts alongside the residual Fourier coefficients described in
Section 4.2.

We use the term shape token for either the deformation
vector or one harmonic residual vector. Lower harmonics
encode coarse geometry such as elongation and asymmetry,
while higher harmonics encode lobes, indentations, and lo-
cal boundary roughness. This representation allows us to
compare a Shape Transformer, which updates each token
using the other deformation and harmonic tokens through
self-attention, with a compact MLP that operates on the
flattened token representation. In five-fold patient-disjoint
cross-validation, the MLP attains the highest mean balanced
accuracy and LGG F1. Its selected configurations use 2.9k—
117.3k parameters, compared with 0.80M—4.75M for the
Shape Transformer and 5.43M-11.2M for the pixel base-
lines.

This minority-class result suggests greater statistical ef-
ficiency. In the imbalanced high-grade glioma (HGG)/LGG
setting, overall accuracy can be dominated by HGG cases
even when LGG tumors are poorly identified. The compact
Fourier representation allows a small MLP to remain com-
petitive on LGG detection without a high-capacity classifier.

Contributions.

1. We formulate aligned Fourier contours as shape tokens,
with one six-value deformation token and one six-value
residual shape token per harmonic. With K = 32, the
representation has (K + 1) x 6 = 198 scalar inputs.

2. We show on BraTS 2020 that compact MLPs over at
most 198 scalar inputs attain the highest mean balanced
accuracy and LGG F1 under patient-disjoint cross-

validation. The selected MLPs use 2.9k—117.3k param-
eters, at least 46 times fewer than the pixel baselines.

3. We use a controlled simulation to examine how global
deformation and mid-frequency shape information af-
fect shape-based and pixel-based classifiers applied to
the same generated objects.

2. Related Work

Radiomics and medical shape. Radiomics encodes clini-
cal images through quantitative features and has repeatedly
found morphology to be informative for tumor phenotype
and outcome [1, 16, 21]. Prior glioma-grading studies have
combined shape with intensity or texture features [8, 40],
while CNN pipelines have used the largest axial slice or full
3D MRI [39, 45]. Modern segmentation networks such as
U-Net [30], nnU-Net [19], and UNETR [17] produce high-
quality masks. Our analysis begins once a mask has been
obtained and uses the largest-area axial slice, as described
in Section 3. This paper studies the value of converting that
mask into a shape coordinate system before classification.

Classical shape representations. Classical contour rep-
resentations include Fourier descriptors [20, 28, 41], chain
codes [14], shape contexts [3, 4], active shape models [10],
and Procrustes or elastic shape analysis [6, 13, 29, 33, 34].
Contemporary shape analysis often uses the SRVF frame-
work, which represents curves through velocity-normalized
functions and compares shapes after quotienting rotation
and reparameterization [33, 34]. These methods make in-
variance explicit by aligning shapes before comparing them.
In statistical shape analysis, downstream classifiers are of-
ten intentionally simple. Aligned shapes are projected to
tangent, principal-component, or basis coordinates and then
passed to functional linear or component-based classifiers.
Moindjié, Beaulac, and Descary develop a functional view
of curve alignment and latent-shape estimation [26], with an
application to functional classification of multivariate pla-
nar X-ray curves [27]. Inspired by that alignment frame-
work, we ask whether a compact nonlinear classifier can
learn from the resulting coefficients.

Functional neural representations. A small but growing
body of work has integrated neural networks into functional
data analysis (FDA), including deep-learning models with
functional inputs [35], neural networks with functional out-
puts [37], and autoencoder-based approaches to smoothing
and representation learning [38]. This literature motivates
a middle ground between classical functional linear models
and large pixel-based networks, where nonlinear decision
rules can be learned without giving up a functional coordi-
nate system whose axes retain geometric meaning.



Tokenized learning. Transformers [36] and BERT-style
classification [11] motivate learned pooling over token se-
quences. Vision Transformers [12] tokenize images into
patches, leaving geometric invariance largely to the data and
model capacity. Transformer-based models have also been
used when the input is naturally a collection of elements,
including set-structured data and point clouds [22, 43]. In
our case, the tokens are frequency-ordered coordinates of
an aligned contour. Because harmonic bands correspond to
different scales of morphology, self-attention could plausi-
bly help the classifier learn interactions among deformation
variables, low-frequency elongation and asymmetry, and
higher-frequency boundary detail.

2.1. Shape Inductive Bias

We introduce a shape-based inductive bias at the represen-
tation level through a functional basis representation of tu-
mour contours. This contrasts with CNNs, which are often
biased toward classification using texture rather than shape
[15, 42] and are not necessarily translation invariant [5].
Increasing the amount of shape information available to a
model has also been shown to improve generalizability and
robustness to perturbations and some forms of distribution
shift. Geirhos et al. [15], for example, augment the training
data to induce a stronger shape bias by suppressing texture
while preserving object shape. Our approach can be viewed
as a more direct version of this idea, since we in effect en-
tirely supress texture.

3. Tasks
3.1. BraTsS 2020

We use BraTS 2020 expert segmentation masks [2, 25] to
construct a morphology-derived binary target from the tu-
mor subregions present in each extracted component. Com-
ponents containing the complete triad of necrotic or non-
enhancing tumor core, peritumoral edema, and enhancing
tumor (labels 1, 2, and 4) are assigned HGG. Their co-
occurrence reflects three complementary features of aggres-
sive disease which are tissue necrosis, disruption of the
blood-brain barrier with contrast enhancement, and an ex-
tensive infiltrative or edematous response. The remain-
ing observed combinations are assigned LGG because they
lack this heterogeneous signature and represent compar-
atively lower-grade-like morphology. Thus, the target is
an operational imaging-phenotype classification rather than
a histopathologic diagnosis [31], which suffices for our
demonstration of shape-based classification. The export
contains 413 contours from 368 patients, comprising 318
HGG and 95 LGG contours. Of these patients, 331 con-
tribute one contour and 37 contribute multiple contours. We
focus on the minority LGG class because accurate detec-
tion must exceed majority-class recognition and may iden-

tify disease before progression to less treatable HGG.

From 3D volumes to 2D contours. For each patient we
select the axial cross-section with the largest total tumor
area and binarize the whole-tumor mask. Each connected
component with at least 50 pixels is treated as a sepa-
rate tumor and converted to a level-set contour with the
marching-squares implementation in scikit-image [24, 32].
The largest closed boundary within each component is kept.
Marching squares produces contours with different num-
bers and spacings of vertices, so we resample each bound-
ary to P=256 points uniformly along arc length before
Fourier projection. The coefficient-space formulation no
longer depends on the original vertex count after this com-
mon projection [26]. Finite resampling and truncation can
still introduce aliasing, which is one reason we use uniform
arc-length sampling before retaining X < 32 harmonics.
In the simulation, noise is added to the 256 generated ver-
tices and both tokenization and rasterization use those same
noisy vertices without another resampling step.

Splits and metric. The reported BraTS numbers use five-
fold outer cross-validation grouped by patient and strati-
fied by the component-level binary label. The outer folds
function as test sets: each contour appears in exactly one
outer test fold, and no patient appears in both outer train-
ing and test data within a fold. Within each outer-training
fold, the first split from a four-fold patient-grouped parti-
tion provides inner training and validation subsets. Vali-
dation balanced accuracy selects token bandwidth, archi-
tecture, hyperparameters, and training epoch; the selected
setup is then retrained from scratch on the complete outer-
training fold and evaluated once on the outer test fold. All
models use the same outer and inner partitions. We report
fold means and sample standard deviations and additionally
pool all 413 out-of-fold predictions. Confidence intervals
are obtained by resampling patients together with all of their
contours.

3.2. Controlled Simulation

Our simulation is a diagnostic for how the classifiers use de-
formation and latent-shape information in a controlled ge-
ometric setting. We draw a latent shape indicator cls ~
Bernoulli(0.5) independently of the deformation variables.
This indicator controls the added harmonics but is not the
target label y. For t € [0,27), the planar base curve is
Co(t) = r(t)(cost,sint), where

6
r(t) = 1+c5 cos(3t+o3)+1{cls = 1} Z by, cos(kt+oy),

k=4

ey

Here c3 ~ U(0.18,0.32) and ¢3 ~ U(0, 27) randomize the
shared three-lobed base shape. For class 1 only, the ampli-



tudes by, ~ U(0.020, 0.030) add small bumps at harmonics
k = 4,5, 6, with independent random phases ¢;. The base
curve is then transformed by isotropic scale s = exp(u),
u ~ U(log0.3,log 3.0), small shear, arbitrary rotation, and
translation (., t,) ~ U(—1.5,1.5)2.

Labels deliberately combine information from the defor-
mation and latent-shape components,

n =logs+ 0.5sign(t;) + 1.2(cls — 0.5) + ¢,

y=1{n > 0}, e ~N(0,0.1). @
The terms log s and sign(¢, ) are available to a shape-based
classifier through the deformation token, while cls is en-
coded by the mid-frequency residual shape tokens. Pixel-
based classifiers read a 64x64 filled raster produced after
recentering and rescaling the polygon. This preprocessing
removes the explicit scale and translation variables used by
the label, although quantization and boundary statistics may
retain indirect correlates. To simulate noise, independent
Gaussian noise was added to each coordinate of every con-
tour vertex, (¢; = c; + €;), where (e; ~ N(0,021,)) and
(0. € 0,0.10). The same perturbed contour was used for
Fourier tokenization and rasterization, while the label re-
mained unchanged and no pixel-level noise was added.

Sample sizes, noise, and bandwidth. The reported
simulation aggregate uses tokenizer bandwidth K=32,
selected by the procedure in Section 5, sample sizes
N € {50,100, 250,1,000}, and contour-noise levels o €
{0,0.10}. Here “noise-free” means o = 0. At o = 0.10,
independent Gaussian noise is added to contour vertices be-
fore either tokenization or rasterization. Architectures are
selected once on a separate noise-free validation set and
then held fixed for both test conditions. Final estimates
use 20 independent training runs and the same fixed 2,000-
sample test set within each noise condition. This prevents
model selection from adapting to a particular test-noise
level, but it also means the noisy condition measures ro-
bustness away from the selection distribution.

4. Shape-Based Method

The core representation pipeline is shared by BraTS and the
simulation. For efficient batched computation, a segmenta-
tion boundary or simulated contour is first represented on
a uniform 256-point grid and projected once to a common
Fourier basis. Alignment and token construction then op-
erate in coefficient space, and either a compact MLP or a
Shape Transformer performs classification.

4.1. Functional-Shape Alignment and Tokenization

Inspired by Moindjié et al.’s functional formulation [26],
each observed planar contour C(t) = (X(¢),Y(¢)), t €

[0, 1], is treated as a deformation of a latent shape,
C(t) =p0yCons(t) + T, 3)

with scale p > 0, rotation Oy, translation T, and cyclic
starting-point shift v5(¢) = mod(t — 0,1). We use a
training-derived reference template p. During inner model
selection it is the first preshape in the deterministic inner-
training order; after selection it is recomputed as the first
preshape in the complete outer-training fold. Validation
and outer-test contours are aligned to this training reference
and never contribute to its estimation. This fixed-reference
choice differs from iterative Fréchet-mean estimation in the
full functional-shape procedure [26], and sensitivity to the
reference choice remains to be tested.

Preshape. Our implementation estimates translation and
scale from the uniformly resampled points,

b, 1/2
pi=| P! Z ICij — Till3
j=1

“4)
The preshape is C; = (C; — T;)/p;. This point-space cal-
culation was used to share a simple vectorized preprocess-
ing interface across BraTS contours and simulated curves.
It is not required by Moindjié et al.’s functional approach.
We then compute the Fourier coefficients of the uniformly
sampled preshape using

o P-1
ar =5 xj cos(2mkj/P),
7=0
o P-1
by = B x;sin(2nkj/P), Q)
7=0

and analogously for the y coordinate.

Rotation and phase. For each candidate § on a 101-point
grid, the Fourier shift property applies the corresponding
block-diagonal rotation to each harmonic. The grid gives a
starting-point resolution of about one percent of the contour
and was chosen as a practical accuracy and cost tradeoff. It
can introduce phase quantization below one grid step. The
rotation 6 is then solved in closed form by the Procrustes
trace objective

(0:,6) = argmin ||t B(8) — Oppallr . (6)

where «; stacks the preshape Fourier coefficients and 3(0)
is the sparse orthogonal phase-shift matrix [26]. The imple-
mentation evaluates the grid, keeps the best objective, and
returns (6;, 0;).



Single: functional coefficient-space path
Double: spatial-roundtrip comparison

Preprocess

Mask or Uniform grid > Fourier fit > 'oefficient-spacq >
contour mplementatio once alignm

Align + tokenize
Deformation + > (K+1)x6
shape tokens token matrix

MLP Shape Trans.
flatten self-attention

ent

grade 3

Figure 2. Contour-token pipeline. The contour is converted to a deformation token and frequency-ordered residual shape tokens. Down-
stream shape-based classifiers receive the same token matrix, the MLP flattens it, while the Shape Transformer mixes harmonic information

through self-attention.

Coefficient-space implementation. Following Moindjié
et al., phase, inverse rotation, and scale are applied directly
to the fitted coefficients through the block structure of the
basis [26]. Supplementary Section C compares this imple-
mentation with an equivalent spatial-roundtrip approxima-
tion and shows identical aggregate metrics in a fixed-split
BraTS implementation check.

4.2. Token Layout
The default token matrix is X; € RE+1)x6,

Deformation token. The first token stores the functional-
shape deformation variables

(T2, Ty, 1/p,6,0,0), )

where the first five values are standardized using means and
standard deviations fitted only on the relevant training parti-
tion, then applied unchanged to validation or outer-test con-
tours. During final outer-fold training, these statistics are
refitted on the complete outer-training fold. The padding
value remains zero. Thus, test examples neither influence
one another nor contribute distributional information to pre-
processing. Unlike a learned [CLS] token, the deformation
token carries physical contour information and also serves
as the position-0 readout for the shape-based models.

Shape tokens. Each shape token stores the residual coef-
ficients and amplitudes for one harmonic,
Vik = (Gak, ak, Qyk, Dyke, Aak, Ay )is ®)
Zil, = ZSCOT€rows[Vik — Vyuk] - ©)

where Ay = \/aZ, +0b3, and Ay = fad, +02.
These amplitudes make harmonic magnitude directly avail-
able while the signed coefficients retain phase informa-
tion. Low-order tokens encode coarse geometry; higher-
order tokens encode boundary lobes and local detail. With

K =32, the largest token representation has 33x6 = 198
scalars. Bandwidth is selected independently within each
outer fold for each architecture over K € {8,16,24, 32}.
The selected models can therefore receive different har-
monic bandwidths, so their comparison is not a controlled
capacity comparison on identical inputs.

4.3. Classifiers

All shape-based classifiers consume the same token matrix
for a given K.

MLP. The token matrix is flattened and passed through
two GELU hidden layers,

flatten Linear+GELU+drop
K+1)

RO R

Linear+GELU+drop Rdh Linear Zj

X

)

R4

There is no positional embedding and no parameter sharing
across harmonics. Across the five BraTS folds, the selected
configurations span K € {8,16,32}, dj, € {32,128,256},
and dropout in {0,0.1, 0.2}, for 2.9k-117.3k parameters.

Shape Transformer. The transformer is a pre-norm en-
coder [36] with a linear token projection, learned positional
embeddings, L self-attention blocks with H heads, GELU
feed-forward layers of width max(64,4d), and position-0
readout. Self-attention updates are

o — (Al k;/Vdy)
Yy exp(a ke /Vdk

3 h) = Zaijvj. (10)
J

Across the five BraTS folds, the selected configurations
span K € {8,16,24,32}, d € {128,192,256}, H €
{4,8},and L € {4, 6}, for 0.80M-4.75M parameters.



Table 1. BraTS 2020 token configurations selected by grouped
inner-validation balanced accuracy. One configuration is selected
within each outer fold; K values are sorted for compactness. MLP
widths span 32-256; transformer widths span 128-256, heads
span 4-8, and layers span 4-6.

Model Selected K Params
MLP 8,8,8,16,32 2.9k-117.3k
Shape Trans. 8, 16,24,32,32 0.80M—4.75M

Pixel baselines. BraTS pixel-based baselines are ResNet-
18 [18] and ViT-Tiny [12] on one-channel 224 x224 ras-
terized tumor masks. ResNet-18 uses its standard 7x7,
stride-2 stem, and ViT-Tiny uses 16x16 patches. Both are
trained from scratch. Simulation pixel-based baselines uses
the same architectures on 64 x 64 filled rasters.

Training. BraTS runs train with AdamW, learning rate
1073, weight decay 1072, batch size 16, 40 epochs, and
inverse-square-root class-balanced sampling. The simula-
tion token runner uses Adam, learning rate 2x 103, batch
size 64, 60 epochs, and no early stopping. The pixel runner
uses the same learning rate and batch size for 30 epochs.
These fixed budgets are not compute matched, which limits
architecture-level comparisons in the simulation.

5. Model Selection Protocol

The experiments separate model selection from final per-
formance reporting. The outer BraTS folds are the test par-
titions used to estimate out-of-sample performance, not a
final dataset to which cross-validation is subsequently ap-
plied. Within each outer-training fold, model selection uses
one patient-grouped inner validation split. Simulation se-
lection is performed on a noise-free holdout set. Final sim-
ulation tables hold selected configurations fixed across ran-
dom initializations and noise levels.

BraTS token-model sweep. The BraTS sweep uses the
Fourier-space token exporter for K € {8,16,24,32}.
MLP widths are d, € {32, 64,128,256, 512} with dropout
p € {0.0,0.1,0.2}. The Shape Transformer uses d €
{128,192,256}, H € {4,8}, and L € {4,6} subject to
H | d. For every candidate, the reference contour and
deformation-feature normalization are fitted on the inner-
training subset and applied unchanged to its validation sub-
set. After selection, preprocessing is refitted on the full
outer-training fold before its test contours are transformed.
Table 1 summarizes the configurations selected indepen-
dently within the five outer folds. Outer-fold results are
reported separately in Table 3.

Selection varies materially across folds for both token
models, which is expected in this small dataset. The MLP

Table 2. Hybrid simulation on noise-free contours (c=0), bal-
anced accuracy (%), mean [95% CI] over 20 independent training
runs. Shape-based columns use K =32 Fourier harmonics, while
pixel-based baselines use the corresponding rasterized shapes.

Shape-based models
N MLP Shape Trans.

50 56.3[50.9,61.7] 65.8[63.4,68.2]
100 63.4[58.2,68.6] 66.4[64.0,68.7]
250 69.8 [65.2,74.5] 67.5[65.1, 69.9]
1,000 69.6 [64.9,74.4] 68.5[63.6,73.4]

Pixel-based models
N CNN ViT-Tiny

50 50.1[49.7,50.6] 50.0 [50.0, 50.0]
100 50.2 [49.8,50.6] 50.0 [50.0,50.0]
250 51.1[50.6,51.5] 50.0 [50.0, 50.0]
1,000 52.5[51.9,53.1] 50.0 [50.0, 50.1]

nevertheless remains compact in every fold, with its largest
selected configuration still at least 46 times smaller than
ViT-Tiny. Because bandwidth and capacity are selected in-
dependently by architecture, the models do not necessarily
receive identical token inputs.

Simulation architecture selection. For the simula-
tion, grid.-holdout.py selects architectures per
(K, N,model) on noise-free data. The validation set is a
fixed set of 500 independently generated samples held out
from training and testing, and each candidate is averaged
over three random initializations. Final evaluation uses the
selected bandwidth K=32, repeats training 20 times per
noise level, and uses a fixed 2,000-sample test set so all
models are compared on identical examples within each
noise condition. These runs were submitted as DRAC
batch jobs. Each reported 95% confidence interval is
T+ to,975,193/\/ﬁ across the 20 training runs.

6. Results
6.1. BraTs 2020

BraTS results are means over five patient-disjoint outer
folds, which serve as the test partitions. Hyperparameters
and training epochs are selected using one grouped inner
validation split, after which each model is retrained on the
complete outer-training fold and evaluated once on unseen
patients. Shape preprocessing is fitted only on the corre-
sponding training subset at both stages. Values in parenthe-
ses are sample standard deviations across outer folds.

Observation. The MLP has the highest mean accuracy,
balanced accuracy, and LGG F1. Its 71.5% mean balanced
accuracy is 5.6 points above ResNet-18 and 8.2 points
above ViT-Tiny. The pooled out-of-fold balanced accuracy
is 72.4%, with a patient-bootstrap 95% interval of 66.4—



Table 3. BraTS 2020 patient-disjoint cross-validation results,
mean (SD) in percent. Parameter ranges reflect fold-specific se-
lection.

Model Params Acc. Bal.

ResNet-18 11.2M 76.8 (11.0) 65.9 (4.6)
ViT-Tiny 543M 74.6 (20.3) 63.3 (9.4)

Shape Trans. 0.80-4.75M  76.7 (3.2) 71.0 (3.2)
MLP 2.9-117.3k  81.4(6.0) 71.5 (6.4)

Table 4. BraTS 2020 patient-disjoint per-class F1, mean (SD) in
percent.

Model LGGF1 HGGF1
ResNet-18  48.4 (11.4) 84.0(10.1)
ViT-Tiny 42.2(24.7) 78.5(25.7)

Shape Trans. 52.8 (9.8) 84.3(2.7)
MLP 54.9 (12.2) 87.7 (5.6)

Table 5. BraTS 2020 mean final-training wall-clock time and
mean balanced accuracy across patient-disjoint folds. Runs use
an Apple M3 CPU at batch size 16; selected epoch counts vary by
fold and token export is excluded.

Model Params Train Bal.
ResNet-18 11.2M 1,052s 65.9
ViT-Tiny 543M  377s 633

Shape Trans. 0.80—-4.75M 18.1s 71.0
MLP 29-117.3k 0.16s 71.5

77.8%. The Shape Transformer has higher LGG recall but
lower precision and F1; its small balanced-accuracy differ-
ence from the MLP is well within fold variability. The ef-
ficiency difference is much larger: even the largest selected
MLP is at least 46 times smaller than the pixel baselines,
and its mean final-training time is 0.16 seconds.

6.2. Controlled Simulation Results

Tables 2 and 9 report balanced accuracy as mean [95% CI]
over 20 independent training runs. The main results use
Moindjié et al.’s direct coefficient-space path, and pixel-
based baselines use matched rasters for the same examples.
An equivalent spatial-roundtrip implementation gives iden-
tical metrics in a fixed-split BraTS check and broadly simi-
lar simulation results (Supplementary Sections C-D).

Observation. On noise-free contours, both shape-based
classifiers perform above chance at every sample size,
whereas the CNN remains between 50.1% and 52.5%. ViT-
Tiny remains near 50% with almost no run-to-run variation.
A representative rerun at N=250 confirmed nonzero gradi-

ents, but the loss converged near log 2 and the model pre-
dicted a single class for all 2,000 test examples. This behav-
ior indicates optimization collapse rather than an inactive
training loop. We therefore do not interpret the ViT-Tiny
result as evidence of a general disadvantage of pixel-based
models.

The contrast partly reflects the simulation design. Recen-
tering and rescaling remove the explicit deformation vari-
ables from the raster even though those variables contribute
to the label, whereas the deformation token retains them.
The MLP attains its highest noise-free mean at N=250, al-
though its confidence interval is wide. The noise results and
attention analysis are reported in the supplement.

The CNN rises from 50.1-52.5% without noise to 59.7—
66.5% with noise (Table 9), a large and counterintuitive
change. A possible explanation is that vertex-wise contour
noise produces raster-level boundary statistics or texture-
like cues through its interaction with rasterization, consis-
tent with the discussion in Section 2.1. This mechanism
remains a hypothesis and requires direct testing. Over-
all, the deformation-plus- shape representation is effective
in the noise-free diagnostic. Shape-based models achieve
the strongest overall results in this controlled setting, al-
though the unequal information retained by the token and
raster representations limits broader architecture-level con-
clusions.

7. Discussion and Limitations

Our main finding from the BraTS analysis is that an
explicit shape-based representation supports competitive
class-balanced performance with much smaller models.
Under patient-disjoint cross-validation, the MLP has the
highest mean balanced accuracy at 71.5% and the high-
est mean LGG F1 at 54.9%. The selected MLPs use
2.9k—117.3k parameters, at least 46 times fewer than the
pixel baselines. Its pooled out-of-fold balanced accuracy
is 72.4%, with a patient-bootstrap 95% interval of 66.4—
77.8%. The stronger result is therefore compactness with-
out sacrificing mean performance. This is precisely the set-
ting in which we expected a shape-based inductive bias to
be valuable, as the segmentation mask is already available
and the phenotype is plausibly related to morphology.

The class-wise behavior is asymmetric, which is scientif-
ically useful. Pixel-based baselines remain strong for HGG
because the majority class is common and high-grade tu-
mors often have large spatial and size cues. Both shape-
based models improve mean LGG F1 over the pixel base-
lines, suggesting that explicit alignment, scale-aware defor-
mation variables, and harmonic residuals can reduce irrel-
evant variation before the supervised learner sees the data.
This suggests asking where in the class structure, and in
which frequency bands, shape analysis provides informa-
tion that pixel-based models dilute or use inefficiently.



Our simulation helps us understand the MLP result, but
doesn’t establish a normative ranking. When the functional-
shape representation is noise-free and the target is recover-
able from a small set of deformation and harmonic coordi-
nates, flattening the token matrix is often enough.

The importance of this point for the machine-learning lit-
erature is that it changes the role of domain structure. The
pipeline treats shape analysis as the step that defines the
learning problem itself, with learned nonlinear classifiers
operating on inputs organized by transformations and har-
monic scales that have a mathematical interpretation before
training begins.

The same representation also addresses two practical
goals beyond accuracy. It supports mechanistic inter-
pretability where deformation, low-frequency elongation
and asymmetry, mid-frequency lobulation, and higher-
frequency boundary detail to be inspected separately and,
in future work, ablated. It is also scalable for very large
imaging collections because each contour becomes a fixed-
size matrix of tens or hundreds of numbers, independent of
the original image resolution, making storage, CPU train-
ing, and inference cheaper than repeated pixel-based model
training.

Limitations. We reduce each 3D segmentation to one ax-
ial slice and one or more connected-component contours,
and a multi-slice or surface-based extension would test
whether the representation scales to full 3D tumor geom-
etry. BraTS tumour contours are annotated by experts and
while automated segmentation models have approached ex-
pert level accuracy, segmentation error could plausibly re-
duce the performance of similar models. Patient group-
ing prevents subject overlap between outer training and test
folds, but 95 LGG contours remain distributed across only
five test folds, producing high variability in minority-class
estimates. Model selection uses one patient-grouped valida-
tion split per outer fold rather than averaging selection over
all possible inner folds. We use the first training preshape
as the reference p, leaving training-fold Fréchet-mean es-
timation for future work [26]. ResNet-18 and ViT-Tiny
are trained from scratch on only a few hundred contours
per fold, so their performance may reflect limited-data op-
timization as well as the input representation, particularly
for ViT-Tiny. Binary HGG/LGG grading is simpler than
modern molecularly informed glioma classification. Future
work can test which harmonic bands remain stable across
cohorts and whether attention helps specifically when la-
bels depend on interactions between deformation and local
boundary irregularity.

8. Conclusion

We define aligned Fourier shape tokens for glioma grad-
ing from tumor boundaries. Functional-shape alignment

converts each contour into one deformation token plus
frequency-ordered residual shape tokens, giving a compact
representation of morphology. In patient-disjoint cross-
validation on BraTS 2020, fold-selected MLPs over these
tokens give the highest mean balanced accuracy and LGG
F1 while using 2.9k—117.3k parameters, at least 46 times
fewer than the pixel classifiers. A fixed-split implementa-
tion check shows that the equivalent spatial roundtrip and
second projection produce the same aggregate BraTS met-
rics (Supplementary Section C).

The broader implication of our work is that shape analy-
sis can provide substantial dimensionality reduction while
retaining mechanistic meaning. This is relevant beyond
medical imaging. Geospatial and remote-sensing data, for
example, are often massive, high-dimensional, multireso-
lution, and spatially structured, and the literature has re-
peatedly emphasized the computational and statistical chal-
lenges of learning directly from these data at scale [23, 44].
Many objects in those settings also have meaningful bound-
aries, including coastlines, agricultural fields, watersheds,
roads, fire perimeters, and urban footprints. For such prob-
lems, a shape-based representation could turn very large
rasters into compact geometric summaries that can be in-
dexed, audited, and learned from cheaply. Contours may
therefore complement full images by providing an initial
layer for scalable and interpretable learning whenever mor-
phology is the primary scientific object.

Code. The implementation uses PyTorch 2.8 for model
training and a Python implementation inspired by Moindjié
et al’s coefficient-space functional-shape alignment. An
anonymized repository will accompany double-blind re-
view, and the public URL will be restored after review.
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Supplementary Material

A. Geometric Meaning of Individual Harmonics

Each Fourier harmonic controls a qualitatively different aspect of shape geometry. Figure 3 shows the effect of varying
a single cosine coefficient a, at harmonics k=2, k=3, and k=5. Harmonic k=2 governs bilateral elongation, k=3 intro-
duces triangularity, and k=5 adds finer lobes. This frequency-to-geometry correspondence gives our token representation its
structure, with each token controlling a specific scale of shape variation.

— ¢=-03 — =400 — =403

Figure 3. Effect of varying a single Fourier coefficient a, at different harmonics.

B. Compute Environment and Timing

BraTS timing runs were measured on an Apple M3 chip (CPU only). The simulation sweeps and final repeated evaluations
were run on Compute Canada cluster resources, so the simulation tables report accuracy and confidence intervals. Table 6
reports the fixed-split implementation-check timing, inference time, parameter count, and input dimensionality; patient-
grouped final-training times appear in Table 5.

Table 6. Fixed-split implementation-check cost on BraTS 2020 (Apple M3 CPU). Training is wall-clock for 40 epochs at batch size 16.
Inference is per batch of 16 samples.

Input Model Params Dim. Train Infer.

Pixel ResNet-18 11.2M  224x224 547s 349.9 ms
Pixel ViT-Tiny 5.43M  224x224 285s 180.2 ms
Single Shape Trans. 3.16M 9% 6 15s 3.66 ms
Single MLP 7.5k 33x6  0.75s 0.03 ms
Double  Shape Trans. 3.16M 9IX6 11s 2.97ms
Double  MLP 7.5k 33x6  0.61s 0.02 ms

C. Spatial-Roundtrip Robustness Check

Moindjié€ et al.’s formulation remains in functional space after the initial Fourier smoothing. Phase, inverse rotation, and
scale are applied directly to the fitted coefficients through the block structure of the basis [26]. We call this the single path
because it requires only one curve-to-Fourier projection. For comparison, we introduced a spatial-roundtrip approximation,
which we call the double path. It returns to point space, applies the phase shift by cyclic linear interpolation, rotates the
sampled curve, and computes a second Fourier projection. The paths are equivalent in the continuous limit, but the double
path introduces interpolation, resolution dependence, and a second truncation that can oversmooth the curve.

On the original fixed contour split, the double path gives the same aggregate BraTS results as the direct coefficient-space
path for both shape-based classifiers (Table 7). The per-class precision, recall, and F1 values are also identical across paths.
The simulation results are likewise comparable, with overlapping confidence intervals at every sample size (Table 8 and
Supplementary Section D). We therefore retain the direct coefficient-space path in the patient-grouped main results and treat
the double path as an implementation robustness check.



Table 7. Fixed-split BraTS 2020 comparison of the direct coefficient-space (single) and spatial-roundtrip (double) implementations.
LGG/HGG columns report class recall, and G-mean is their geometric mean.

Path Model Acc. Bal. G-mean LGG HGG
Single  Shape Trans. 85.3 72.0 67.8 47.8 96.2
Single MLP 853 76.6 75.0 609 924
Double Shape Trans. 85.3 72.0 67.8 47.8 962
Double MLP 85.3 176.6 75.0 609 924

Table 8. Noise-free hybrid simulation comparison of the direct coefficient-space (S) and spatial-roundtrip (D) implementations, balanced
accuracy (%), mean [95% CI] over 20 independent training runs.

N MLP-S Shape-S MLP-D Shape-D

50  56.3[50.9,61.7] 65.8[63.4,682] 58.4[52.5,64.3] 66.3[65.0,67.7]
100 63.4[58.2,68.6] 66.4[64.0,68.7] 66.3[61.9,70.8] 67.8[66.1,69.6]
250  69.8[65.2,74.5] 67.5[65.1,69.9] 71.5[67.2,75.8] 67.8[65.5,70.1]
1,000 69.6 [64.9,74.4] 68.5[63.6,73.4] 63.4[64.2,72.6] 66.8 [62.8,70.8]

D. Simulation with Noise

Table 9. Hybrid simulation with contour vertex noise (c=0.10), balanced accuracy (%), mean [95% CI] over 20 independent training runs.
Shape-based and pixel-based classifiers are compared on the same generated examples.

N MLP-S Shape-S MLP-D Shape-D CNN ViT-Tiny

50 58.7[51.2,66.3] 66.9[63.5,70.3] 61.0[53.4,68.5] 69.4[67.9,70.9] 59.7[57.1,62.2] 50.0[50.0, 50.0]
100 57.8[50.5,65.2] 66.5[64.2,68.8] 56.1[49.1,63.1] 68.8[66.7,71.0] 66.4[64.5,68.2] 50.0[49.9, 50.0]
250  54.8[47.5,62.2] 67.6[65.0,70.2] 59.0[52.3,65.7] 68.0[66.1,70.0] 66.5[64.8,68.3] 50.5[49.5,51.5]
1,000 59.9 [54.4,65.5] 65.6 [62.3,68.9] 60.8 [54.6,67.1] 68.9 [66.4,71.4] 64.6[62.8,66.5] 52.8[50.3,55.3]

E. Simulation Attention by Noise and Tokenization Path

Figure 4 shows the paired change in first-layer Shape Transformer attention from the noise-free condition to ¢=0.10 for
the single and double tokenization paths at each reported sample size. Each curve is noisy-minus-clean attention from the
pose-token query to each harmonic-token key, expressed in attention percentage points, paired by training seed, averaged
first over heads and the fixed 2,000-example test set, and then summarized over the same 20 seeds used in Tables 2 and 9.
Positive values indicate that noise shifts more pose-query attention toward a harmonic; negative values indicate a reduction.
Pose-token self-attention decreases significantly under noise for the double path at every sample size. For the single path,
the decrease is significant at N=50 and N=1,000; the intervals at N=100 and N=250 include zero. These shifts describe
changes in learned attention allocation and should not by themselves be interpreted as causal feature importance.
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Figure 4. Paired noisy-minus-clean change in pose-query attention to harmonics, in attention percentage points, for the single and double
tokenization paths across sample sizes. Both paths are overlaid in each sample-size panel. Solid curves are means over 20 matched
seeds and shaded regions are 95% Student-¢ confidence intervals. Curves use shape-preserving interpolation for display; summaries are

computed at the original integer harmonics. Each annotation gives the paired percentage-point change in pose-token self-attention and its
95% confidence interval for both paths. Models were trained separately at each noise level.

F. Simulated Shape Examples

No noise

o=0.1

vertex-noised contour

=== clean contour

Figure 5. Example simulated shapes. Each cell shows a 6464 raster with the noise-free contour (green dashed) and the vertex-noised
contour (red). Labels combine deformation evidence from scale and translation with class-dependent mid-frequency bumps; pixel-based
models read the raster, while shape-based models read the deformation and residual shape tokens.

G. Full Hyperparameter-Sweep Tables

The MLP and Shape Transformer sweeps on BraTS cover the reported token-classifier configurations. The full
per-configuration logs are in the code repository. The completed hybrid simulation aggregates are stored un-
der results/hybrid_sim/, including sim_single_ci_results. json, sim.double_ci_results. json, and
pixel_ci_results. json.
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