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Image data

Image Data

Images have been natively captured and stored in matrix format
since cameras became digital.

The element (i , j) represents the color intensity at pixel [i , j].

For black-and-white or grayscale images, the color intensity is an
integer in the range [0, 255].

A color image is typically represented using three matrices with
integer entries in [0, 255].
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Image data

Image Data

For black-and-white or grayscale images, the pixel intensity is an
integer in the range [0, 255].

Black-and-white image of the
digit ’1’

⎡⎢⎢⎢⎢⎢⎣
255 255 0 255 255
255 0 0 255 255
255 255 0 255 255
255 255 0 255 255
255 0 0 0 255

⎤⎥⎥⎥⎥⎥⎦
Matrix representation (pixel
intensities)
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Image data

Images as Surfaces
We can also think of an image as a surface, where the height at
location (i , j) corresponds to the color intensity.

Figure: An image on the left and its associated surface representation on
the right.
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Image data

Image Data Analysis

Typical approaches for image analysis are designed to analyze
matrices.

Filtering and convolution are matrix operations that perform linear
combinations of neighboring pixels.

Powerful predictive models can then be built by learning
convolution weights within broader machine learning frameworks.

Recently, there has been interest in developing transformer
models for image analysis.
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Image data

Image Data Analysis

Pixel-based approaches still present several challenges:
▶ Difficult interpretation,
▶ Large data objects (high-resolution images and videos),
▶ Generalization issues (sensitivity to resolution and acquisition

technology).
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Image data

Our Solution

We want to stop looking at images as simple collections of pixels.

Instead, images can be analyzed as collections of objects defined
by their shapes, textures, and colors.

Over the last few years, we developed a framework for the analysis
of shapes and colors extracted from images.
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Edge and contour detection

The first step to analyse shapes in images is to extract them.

For this, we use contour detection techniques.

Edge and contour detection can provide us with flood fill images
(or masks).

This is not an easy task.
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Edge and contour detection

Assume we have a mask obtained through edge detection.

Photo of a bat. Flood fill image.

13 / 114



Beyond Pixels: Functional Representations of Images for Statistical Analysis
Edge and contour detection

Planar Closed Curves

We extract a functional representation for the contour (a planar
closed curve), represented through coordinates:

C(t) = (X (t),Y (t)),

where t ∈ [0, 1] represents the proportion of the curve traveled
from the start (t = 0) to the end (t = 1).

For closed curves, C(0) = C(1).
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Edge and contour detection

Traveling along the contour

The marching square algorithm (Mantz et al. 2008) will provide us
with an ordered sequence of pixels:

[(x [1], y [1]), (x [2], y [2]), ..., (x [T ], y [T ])] (1)
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Traveling along the contour

Contour of the bat.
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Functional Data

Functional data analysis (FDA) is a field of statistics concerned
with studying data assumed to be realizations of smooth functions,

x(t),

or higher-dimensional objects such as surfaces,

x(s, t).

The domain may represent time, space, or more general
multidimensional structures.
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Functional Data

In FDA, one observation xi(t) is therefore a function.

In FDA, a dataset consists of a collection of functions

S = {xi(t) : i = 1, . . . , n},

where all observations are defined on a common domain T .

In practice, the underlying function cannot be observed
continuously and is only recorded at a finite number of
sampling locations.

19 / 114



Beyond Pixels: Functional Representations of Images for Statistical Analysis
Functional Data Analysis
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Figure: Discrete observations from an underlying smooth functional
process.
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Figure: A sample of functional observations.

Note: The data may be discretely observed on different grids and
sampled at a different number of locations.
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Functional Data Analysis

Smoothing and Functional Representation

FDA commonly assumes that the observed data arise from an
underlying smooth process contaminated by measurement error.

Observed measurements are therefore often smoothed before
analysis.
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Functional Data Analysis

Basis Expansions

A standard approach consists of representing functions using basis
expansions,

x̃(t) =
K∑︂

k=1
ckBk(t),

where {Bk(t)} is a collection of basis functions.

Common choices include:
▶ Fourier bases,
▶ B-splines,
▶ wavelets.
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Functional Data Analysis

Why Functional Representations?

Smoothing the data to recover a functional representation offers
several advantages:
▶ Noise reduction through smoothing,
▶ Dimension reduction via basis coefficients,
▶ Continuous evaluation over the entire domain,
▶ Natural computation of derivatives,
▶ Analysis of irregularly sampled data.
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Functional Data Analysis

Basis Expansions

The representation

x̃(t) =
K∑︂

k=1
ckBk(t),

provides us with all of those advantages.

Learning such representations is also straightforward and boils
down to minimizing a MSE criterion:

∑︂
j

[︄
x(tj) −

K∑︂
k=1

ckBk(tj)
]︄2

.
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Functional Data Analysis

Example: Functional Smoothing
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Underlying smooth process.
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Example: Fourier Basis
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Fourier basis functions.
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Example: Smoothed Reconstruction

−1.5

−1.0

−0.5

0.0

0.5

0.00 0.25 0.50 0.75 1.00
t

x(
t)

Recovered smooth functional representation.
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Example: B-Spline Basis
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B-spline basis functions.
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Functional Data Analysis

Example: Smoothed Reconstruction
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Recovered smooth functional representation.
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Functional Data Analysis

An Additional Ingredient: Penalization

So far, we have represented functions using flexible basis
expansions:

x̃(t) =
K∑︂

k=1
ckBk(t).

Using many basis functions provides flexibility, but may also lead to
overly rough representations.

An additional ingredient is therefore needed:

penalization.
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Functional Data Analysis

Smoothing Splines
A classical approach consists of penalizing the roughness of the
estimated function directly.

Smoothing splines estimate x̃(t) by minimizing

n∑︂
i=1

[xi − x̃(ti)]2 + λ

∫︂ [︁
x̃ ′′(t)

]︁2 dt.

The first term encourages fidelity to the observed data, while the
second penalizes curvature.

The smoothing parameter λ controls the trade-off between fidelity
and smoothness.
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P-Splines
P-splines replace derivative penalties with penalties on neighboring
spline coefficients.

The coefficients are estimated by minimizing

n∑︂
i=1

[xi − x̃(ti)]2 + λ
K−1∑︂
k=2

(ck−1 − 2ck + ck+1)2.

The penalty discourages large local changes between neighboring
coefficients.

Smooth functions therefore arise from smooth coefficient
sequences.

33 / 114



Beyond Pixels: Functional Representations of Images for Statistical Analysis
Functional Data Analysis

P-Splines Illustration

Adapted from Eilers & Marx (2021).

Penalizing neighboring coefficients prevents large variations in the
function.
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P-Spline Matrix Formulation
The second-order difference penalty may be written compactly
using a finite-difference matrix D:

∥x − Bc∥2 + λ∥Dc∥2.

For example,

D =

⎡⎢⎢⎢⎢⎣
1 −2 1 0 · · · 0
0 1 −2 1 · · · 0
... . . . ...
0 · · · 0 1 −2 1

⎤⎥⎥⎥⎥⎦ .

The matrix formulation is computationally convenient and
naturally extends to tensor-product surfaces.
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Functional Data Analysis

Functional representation of the contour

We use basis expansion to smooth the coordinate paths obtained
with marching square.

It gives us a smooth, continuous and parametric representation of
the contour.

We can use multivariate FDA approaches to solve statistical
questions about the shapes.

36 / 114



Beyond Pixels: Functional Representations of Images for Statistical Analysis
Functional Data Analysis

Functional representation of the contour
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Shapes and statitics

So what about repetition and data sets?

With repetition, different rotations and scales of the same object
lead to completely different coordinate functions.

This starting point of the coordinate paths is arbitrary with respect
to shape features.
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Shapes and statitics
Contours need to be aligned first in order for the statistics to be
meaningful.
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Functional contour alignement
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Functional contour alignment

In order to obtain a sample of shapes, we must first align the
contour.
This is because shape is an geometric structure invariante with
respect to some deformations.

These are:
▶ Translation
▶ Scale
▶ Rotation
▶ Path starting point (parameterization)
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Functional contour alignement

Our proposed model

The resulting contour we observed is parametrized as:

C(t) = ρOC̃ ◦ γ(t) + T (2)

where (ρ,O, γ,T) are the deformation parameters and C̃(t) the
shape.

42 / 114



Beyond Pixels: Functional Representations of Images for Statistical Analysis
Functional contour alignement

Functional contour alignement

The alignment procedure we propose estimates these deformations,
allowing for their analysis.

It also allows the removal of their effects to analyze what remains:
the shape.
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Functional contour alignement

Shape as Functional Data

We model closed curves as bivariate functional data.

Smoothing the data solves the problem of images and objects
having different resolutions (irregular sampling).

Fourier bases are a natural choice given the cyclical nature of
closed curves.
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Representationusing Fourrier Basis

First, we represent contours using a Fourrier basis.

C(t) =
(︄

X (t)
Y (t)

)︄
=

M∑︂
k=0

(︄
ak1
ak2

)︄
ψk(t), t ∈ [0, 1], (3)

with

ψ0(t) = 1, ψk(t) =
{︄ √

2 sin((k + 1)πt) if k odd,√
2 cos(kπt) if k even, (4)

for t ∈ [0, 1], k = 1, . . . ,M, with M even.
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Scale and translation

Estimating the scale and translation

Estimating Ti = (Tx ,Ty ) and ρi is rather simple by assuming the
shapes to be centered at (0, 0) and to have unitary norm.

T =
∫︂ 1

0
C(t)dt =

∫︂ 1

0

M∑︂
k=0

akψk(t)dt = a0,

ρ = ||C − T||H =
⃦⃦⃦⃦
⃦

M∑︂
k=1

akψk

⃦⃦⃦⃦
⃦

H

=

⌜⃓⃓⎷ M∑︂
k=1

ak
2
2,

This is extremely quick since it is given by the functional
representation and can be done shape by shape independantly.
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Functional contour alignement

Scale and translation

Estimating the scale and translation

After we estimate the translation and scale deformation, we obtain
C∗, which we call the pre-shape:

C∗(t) = 1
ρ

(C(t) − T)
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Reparametrization and rotation

Estimating the reparametrization and the rotation

The biggest challenge when developing our proposed approach.

The effects of these deformations are entangled.

We need to estimate both at the same time.
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Reparametrization and rotation

Starting point (reparametrization)

The reparametrization γ is a simple wrapping function that
parametrize the effect of different starting point when traveling
along the contour.

We define γ ∈ Γ, with

Γ = {γδ(t) = mod(t − δ, 1), t ∈ [0, 1], δ ∈ [0, 1]}
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Reparametrization and rotation

Starting point (reparametrization)
we can visualise the effect of this function here:

γδ C̃ ◦ γδ x̃ ◦ γδ ỹ ◦ γδ

δ = 0

δ = 0.5

δ = 0.65
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Reparametrization and rotation

Reparametrization

Because we analyses closed curves, the coordinate functions are
cyclical.

The δ parameter dictate where on the contour did we begin
travelling.

51 / 114



Beyond Pixels: Functional Representations of Images for Statistical Analysis
Functional contour alignement

Reparametrization and rotation

Reparametrization

One might think that we can wrap the functions until they are
aligned.

But the coordinate functions are entirely different for different
rotations.

These deformations must be estimated jointly.
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Reparametrization and rotation

Effect of the rotation on the coordinate functions
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Reparametrization and rotation

Rotation

The rotation O of the pre-shape is parametrized with a standard
rotational matrix:

O = Oθ =
(︄

cos(θ) − sin(θ)
sin(θ) cos(θ)

)︄
The problem boils down to estimating θ.
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Reparametrization and rotation

Estimating the reparametrization and the rotation

The first step to align the pre-shapes C∗ is to define a template µ.
The reparameterization or rotation do not really matter as long as
they are the same for all pre-shapes.

The template can be:
▶ A random observation C∗

i .
▶ Some version of the Karcher/Frechet mean.
▶ A specific observation aligned as desired.
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Reparametrization and rotation

Estimating the reparametrization and the rotation

Given a template µ, we seek to align the pre-shape C∗
i by finding

the parameters δ and θ that aligns the best C∗
i to µ.

(θ̂, δ̂) = arg min
(θ,δ)∈[0,2π]×[0,1]

||OθC∗
i ◦ γδ − µ||2H. (5)
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Reparametrization and rotation

Estimating the reparametrization and the rotation

There are no closed-form solutions.

However, we can find a solution for θ given a fixed δ,

and, we can find a solution for δ given a fixed θ.
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Reparametrization and rotation

Estimating the reparametrization and the rotation

We can therefore solve the alignement issues by
▶ Searching on a grid (for δ) for an optimum value
▶ Developping an iterative algorithm (ICF) that updates

both parameters every other steps.

After removing all of the deformation variables; we are left with
the shape C̃.
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Reparametrization and rotation

Estimating the reparametrization and the rotation

After removing all of the deformation variables; we are left with
the shape C̃.

C∗(t) = 1
ρ

(C(t) − T)

C̃(t) = OθC∗(t) ◦ γ(δ)
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Functional contour alignement

Alignement results

Alignement results

Before we go over the statistical analysis we conduct on shapes; let
us make sure the alignement procedure works.

We deformed shapes and realigned them (simulations).

We also aligned real data.
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Alignement results

Alignement on simulated data
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Alignement results

Alignement on simulated data
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Alignement results

Alignement on simulated data

σ MSEδ MSEθ MSET MSEρ

0.01 3.39 × 10−4 3.41 × 10−4 9.98 × 10−32 1.80 × 10−32

0.1 3.15 × 10−4 3.15 × 10−4 6.34 × 10−32 1.81 × 10−32

Table: MSE of the estimated parameters for the different scenarios and
values of σ
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Alignement results

Alignement on real data

MPEG-7 database:

Figure: Examples of images from the database for the butterfly and fork
objects.
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Alignement results

Alignement on real data
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Shape analysis : applications
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Functional shape analysis

▶ So far, we have not done any statistics.
▶ We needed to prepare the data so that the statistical analysis

is meaningful.
▶ At this point, we can consider multiple statistical problems

related to shape and analyze both deformation variables
(scalar) and shapes (functional) jointly.
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Unsupervised learning

Modeling X through a joint PCA approach

We propose a joint Principal Component Analysis (PCA) approach.

We extract features that can be used for both unsupervised and
supervised learning problems.

We can consider multiple statistical problems related to shape and
analyze both the deformation variables (scalar) and the shape
(functional).
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Unsupervised learning

Functional Principal component

PC1 (57%) PC2 (22%) PC3 (9%)

Figure: Plots of the estimated mean function z̄ =
∑︁

i zi1 in black, of
z̄ − 20ϕ̂k in blue and of z̄ + 20ϕ̂k in red, for k = 1 (first column), k = 2
(second column) and k = 3 (third column).
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Generation

Generation

Figure: Butterfly curves generated with our approach with the
deformation parameters.
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Shape analysis : applications

Classification

Classification: Brain tumor classification

▶ BraTS 2020 contains segmentationg masks of brain tumors in
multimodal magnetic resonance imaging (MRI) scans.

▶ We trained shaped-based and pixel-based model on 400
contours of tumors with two labels: high-grade or low-grade
glioma.
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Classification

Classification: exemples
High-grade glioma Low-grade glioma

Figure: Exemple of masks.
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Classification

Classification: Brain tumor classification

Representation Model Acc. Bal.

Pixel Convolution 76.8 (11.0) 65.9 (4.6)
Transformer 74.6 (20.3) 63.3 (9.4)

Shape MLP 81.4 (6.0) 71.5 (6.4)

Table: BraTS 2020 patient-disjoint cross-validation results, mean (SD) in
percent.
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Classification

Classification: Brain tumor classification

Representation Model Params Train Infer.

Pixel Convolution 11.2M 547 s 349.9 ms
Transformer 5.43M 285 s 180.2 ms

Shape MLP 7.5k 0.75 s 0.03 ms

Table: Computational metrics over the different models.
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Classification

Classification: Melanoma detection based on moles shape

▶ HAM10000 dataset contains photos of moles.
▶ We trained a model on 8000 images with two labels:

melanoma or belign.
▶ Our goal was to compare the performance of a shape-based

model against a pixel-based one.
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Classification

Classification: Melanoma detection based on mole shapes

Figure: Segmentation pipeline.
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Classification

Classification: Melanoma detection based on mole shapes

Model avg-AUC avg-Bal.Accuracy avg-F1

ANN 0.640 ± 0.031 0.572 ± 0.036 0.837 ± 0.020
CNN 0.697 ± 0.069 0.544 ± 0.049 0.814 ± 0.016

Table: Stratified-Nested-CV Results overview.
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Classification

Classification: Melanoma detection based on mole shapes

Model VRAM (GB) avg-Training time (s)

ANN 0.7 31.7 ± 6.92
CNN 66.7 174 ± 82.9

Table: Stratified-Nested-CV Results overview.
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Extension to multiple contours

79 / 114



Beyond Pixels: Functional Representations of Images for Statistical Analysis
Extension to multiple contours

Motivations

Multiple shapes

In images, an object of interest could be described by multiple
contours interacting,

or the interest might be in considering multiple objects
simulteaneously.

To consider multiple contours at once, a model needs to be
specified.
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Motivations

Multiple shapes: motivating exemple
Chest X-rays used to identify patients with cardiomegaly.
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Motivations

Multiple shapes: motivating exemple

We define a multivariate planar curve
C = Vec(C1, . . . ,Cp) = (C⊤

1 , . . . ,C⊤
p )⊤, where

Cj = (Xj ,Yj)⊤ ∈ H are univariate curves.
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Extension to multiple contours

Our proposed model

The univariate model

C(t) = ρOC̃ ◦ γ(t) + T (6)

where (ρ,O, γ,T) are the deformation parameters and C̃(t) the
shape.
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Our proposed model

Our proposed model for multiple contours.

Since all contours originate from the same image, translation,
rotation, and scaling are considered global deformations.

Cj = ρOθ C̃j ◦ γδj + T, j = 1, . . . , p, (7)

Relative variations between contours are encoded directly in the
multivariate shape variable C̃ = Vec(C̃1, . . . , C̃p).
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Our proposed model

Naive model

A straightforward extension of the univariate model would look like:

Cj = ρj Oθj C̃j ◦ γδj + Tj , j = 1, . . . , p, (8)

but this implicitly removes the relative position, orientation, and
scale of the objects.

85 / 114



Beyond Pixels: Functional Representations of Images for Statistical Analysis
Extension to multiple contours

Our proposed model

Multiple shapes

We developped methodologies for fundamental tasks of statistical
shape analysis for the multivariate problem.

1. Alignement
2. Measure of dissimilarity
3. Estimating a mean shape
4. Classification
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Results

Y = 1 Y = 0
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Results

Multiple shapes: classification results

Classification accuracy with linear functional model:

Scenario Method GL1 GL2 PLS PCR

Registered Multivariate 79.65 77.34 85.22 82.94
Naive 71.73 71.94 78.83 73.36

Added noise Multivariate 80.50 78.39 85.99 82.77
Naive 77.37 74.11 77.92 71.67

Table: Classification accuracies (%) obtained by 10-fold cross-validation.
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Results

The next step

There are multiple issues left to adress when it comes to the
analysis of countours.

For instance, how to extract automatically extract contours.

Nonetheless, we have also started the study of colors within
objects.
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Color parametrized as multivariate
multidimensional functional data
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Motivations

Images as Surfaces
We can also think of an image as a surface, where the height at
location (i , j) corresponds to the color intensity.

Figure: An image on the left and its associated surface representation on
the right.

91 / 114



Beyond Pixels: Functional Representations of Images for Statistical Analysis
Color parametrized as multivariate multidimensional functional data

Motivations

Motivating problem

It is hypothesised in ecology that the red hourglass on the thorax
of black widows spider is varies depending on the spider
environement.

We want to jointly study this hourglass shape and color.

I did not include a picture here, arachnophobia is prevelant.
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Parametrization

From Curves to Surfaces

In one dimension, a functional observation may be smoothed and
represented as

x̃(t) =
K∑︂

k=1
ckBk(t).

The coefficients c1, . . . , cK are learned by minimizing some
criterion.

These same ideas naturally extend to higher-dimensional functions
such as surfaces

x(s, t).
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Parametrization

Tensor-Product B-Splines

A smooth surface can be represented as

x̃(s, t) =
Ks∑︂

k=1

Kt∑︂
ℓ=1

θkℓBk(s)Bℓ(t).

Here, Bk(s) and Bℓ(t) are one-dimensional B-spline basis functions
along the two spatial directions.

The coefficients θkℓ determine the shape of the smooth surface.
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Parametrization

A Single Tensor-Product Basis Function
A tensor-product B-spline basis function

Bk(s)Bℓ(t)
defines a localized smooth surface over the domain.
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A single tensor-product basis function represented as a heatmap and as a
smooth surface.
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Parametrization

Combining Tensor-Product Basis Functions
Smooth surfaces are obtained through linear combinations of many
localized tensor-product basis functions.

The tensor-product structure naturally extends one-dimensional
spline representations to two-dimensional domains.
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Combining several localized basis functions produces richer smooth
surfaces.
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Parametrization

Tensor-Product Surface Representation

Suppose that the surface is evaluated on grids

s1, . . . , sns and t1, . . . , tnt .

The smooth surface representation may then be written in matrix
form as

X̃ = B1ΘBT
2 ,

where:
▶ B1 and B2 are B-spline basis matrices,
▶ Θ is the tensor-product coefficient matrix.
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Parametrization

Penalized Tensor-Product Surfaces
For tensor-product surfaces,

X̃ = B1ΘBT
2 ,

penalization can be applied independently along each spatial
direction.

A common formulation is

∥X̃ − X∥2
F + λs∥DsΘ∥2

F + λt∥ΘDT
t ∥2

F .

The two smoothing parameters independently control roughness
along the horizontal and vertical directions.

This naturally leads to efficient tensor-product smoothers for image
representations.
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Parametrization

Functional Surface Representations for Images

With these tools, we can fit a smooth surface representation of an
image.

The pixel grid is viewed as a discrete observation of an underlying
smooth surface.

The remaining challenge is therefore to estimate the coefficient
matrix Θ, typically by minimizing a mean squared reconstruction
criterion over the observed pixels.
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Alignement

Motivation: Color differences

(a) Urban (b) Desert
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Alignement

Surface analysis

Alignement is once again a problem.

We are not going to go into details here, but so far we have relied
on existing approach to do so.

It would be interesting to utilized some version our contour
aligment here, for the future.
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Alignement

Application: color differences aligned.

(a) Urban (b) Desert
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Alignement

Application: Difference in means
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Alignement

Application: Difference in means
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Alignement

Application: Difference for every channel
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Alignement

Functional Surface Representations for Images

This surface representation offers several advantages:
▶ continuous image representations allowing instantaneous

changes in resolution,
▶ analytical spatial derivatives that may be useful for image

segmentation and contour detection
▶ noise reduction through smoothing (if desired),
▶ resolution-independent representations,
▶ low-dimensional coefficient representations.
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Alignement

Functional Surface Representations for Images

We can leverage the extensive toolbox of functional data analysis
to:
▶ We can compute mean and variance of these multivariate

surfaces.
▶ Sample using MFPCA to estimate the quantiles required to

get confidence intervals that account for multiple testing.
▶ Identify regions and colors where the differences is significant.

This is the first works fo this kind.
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Conclusion
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Conclusion

Statistical shape analysis can provide new information about
images usefull in unsupervised and supervised analysis.

On their own, shapes can provide interpretable information lost in
pixel-based approaches.

In order to analyze the underlying shapes of objects, we developed
an alignment procedure.
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Conclusion

The alignement procedure, the computation of the mean shape
and statisticals analysis models were extended to considered
multiple interacting contours jointly.

We can now also parametrize the colors withing object as
multivariate multidimension functional data furthur reincorcing the
propose image representation we propose.

Combined together, we can analyzed images as collections of
objects defined by their shapes and colors.
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Current work

We are devolopping joint models for shape and colour.

We are also working on a vast R package to cover shape analysis
end-to-end.

We are devleopping collaboratio for applciations in multiples fields.
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I would love to answer your questions.
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